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Plan of the presentation

@ Recall some definitions in 2-category theory,
® Recall some results in two-dimensional monad theory,
© Introduce lax versions of some concepts.

We will answer the following questions:
@ What kind of colimits do 2-categories of lax structures admit?
® How to capture multicategories as coalgebras?
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2-category theory

Some 2-category theory

Miloslav Stépan (MU) Quasi-limits and lax flexibility October 28, 2023 3/45



Pseudomonads

Definition

A pseudomonad on a 2-category K consists of a pseudofunctor

T : K — K, pseudonatural transformations m: T2 = T,i:1x =T
and isomorphisms:

T3A ", T2 // J RN -y WL /)
TmA ~ mp = ma =
PA s TA TA

Satisfying some higher associativity and unit laws.

If these isomorphism 2-cells are identities and m, i are 2-natural,
we call it a 2-monad.
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Algebras

Definition
A lax T-algebra is a tuple (A, a,~,:) of an object A,a 1-cella: TA— A
and 2-cells v, as pictured below:

T’PA — 2, 714 TA 2 A
N T
A—— A A

These are subject to higher associativity and unit laws.

If v, are invertible, it's a pseudo-T-algebra.
If v, are the identities, it's a strict T-algebra.
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2-category theory

Algebras - examples

Free strict monoidal category 2-monad M : Cat — Cat. It's given by:

MA:=]]A"

n=0

A strict T-algebra is a strict monoidal category. Pseudo-T-algebras
are (equivalent to) ordinary monoidal categories.
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2-category theory

Algebras - examples

The small presheaf pseudomonad P : CAT — CAT.

PAis defined as a full subcategory of [ A, Set] consisting of small
presheaves. (A presheaf is said to be small if it's a small colimit of
representables.)

The unit A — PA s given by the Yoneda embedding.

A pseudo-P-algebra is a cocomplete category.
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2-category theory

Algebra morphisms

Definition
A lax morphism of (A, a) ~~ (B, b) between T-algebras is a tuple
(f,f), where f: A— Bis amorphismin K and f is a 2-cell:

Subject to higher associativity and unit laws.

Iff is invertible, it's called a pseudo morphism.
If fis the identity, it's called a strict morphism.
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2-category theory

Algebra morphisms

Example - free strict monoidal category 2-monad
Pseudo-M-morphism is a monoidal functor.

Example - free strict monoidal category 2-monad

Take two sup-semilattices A, B with a lowest element (that we

denote by 1).
Regard them as strict monoidal categories (A, v, 1), (B, v, 1).

Any order-preserving map f : A — B automatically lax monoidal
because we have:

f(a) v f(b) < f(av b)

Example - small presheaf pseudomonad

Pseudo-P-morphism is a cocontinuous functor.
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2-category theory

2-categories of algebras

We have the following 2-categories:

2-category | objects morphisms

T-Alg, strict T-morphisms
T-Alg strict T-algebras pseudo T-morphisms
T-Alg, lax T-morphisms
Ps-T-Alg pseudo T-algebras | pseudo T-morphisms

We also have inclusions:

T-Alg, — T-Alg,
T-Alg, — T-Alg,,
T-Alg, — Ps-T-Alg,
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Lax idempotent 2-monads

Definition

A 2-monad (T, m, i) is said to be lax-idempotent if there's an
adjunction like this with the counit being the identity:

mp

>
TA 1 T2A

~_ A

iTA

In case this adjunction is an adjoint equivalence, we call T
pseudo-idempotent.
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2-category theory

Lax idempotent 2-monads

Let (T, m, i) be a lax-idempotent 2-monad. The following are
equivalent for an object Ae K:

e A admits the structure of a pseudo-T-algebra,
® iy : A— TA admits a left adjoint.

Example - lax-idempotent pseudomonad
The small presheaf pseudomonad P.

Example - pseudo-idempotent 2-monad
The Cauchy completion 2-monad is pseudo-idempotent.
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Two-dimensional monad theory

Two-dimensional monad
theory
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Two-dimensional monad theory

Two-dimensional monad theory |

Let 7 be a 2-monad on K. Assume T-Alg, admits reflexive
iso-codescent objects. Then the inclusion has a left 2-adjoint:

(=)
M
T-Alg, ok T-Alg

Denote the unit of this adjunction by ps : A~ A’ and the counit by
aa : A — A

This adjunction generates a 2-comonad (Qp, Qp, q) on T-Alg, call it
the pseudo-morphism classifier 2-comonad.
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Two-dimensional monad theory

Two-dimensional monad theory |

By the way, analogous story holds if we replace T-Alg by T-Alg, - we

obtain a lax morphism classifier 2-comonad Qy:

Let 7 be a 2-monad on K. Assume T-Alg, admits reflexive
codescent objects. Then the inclusion has a left 2-adjoint:

(=)
e
T-Alg, i T-Alg,
—
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Two-dimensional monad theory

Two-dimensional monad theory Il

Assume that K admits pseudo-limits of arrows. Then for every
(A, a) we have:

pa —1 ga is an adjoint equivalence in T-Alg with gapa = 1.

In particular, the pseudo-morphism classifier 2-comonad Qp is
pseudo-idempotent.

By the way, an analogous version holds for the lax morphism
classifier 2-comonad Q) - if K admits lax limits of arrows, it's
colax-idempotent. See [LS2012].
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Two-dimensional monad theory

Two-dimensional monad theory IV

Any 2-adjunction as pictured below:

H

— T

T-Alg, —F T-Alg — L

Induces a biadjunction:

JH

TN
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Two-dimensional monad theory

Two-dimensional monad theory V

Assume that T-Alg is 2-cocomplete. Then T-Alg is bicocomplete. I

Question: What would be a lax version of this corollary? Is T-Alg,
bicocomplete if T-Alg, is cocomplete?

Counterexample

The 2-category of strict monoidal categories and lax monoidal
functors is not bicocomplete. It has no bi-initial object for instance.
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Lax versions

Lax versions
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Lax versions

How to properly generalize to the lax case?

Step 1: Notice that the theorem and its corollary holds in a little
more generality:

Let Q be a pseudo-idempotent 2-comonad on a 2-category K that
is 2-cocomplete. Then the Kleisli 2-category Kq is bicocomplete.

In case the 2-comonad Q is the pseudo-morphism classifier
2-comonad Qp, we obtain the result about T-Alg being
bicocomplete because T-Alg = (T-Alg)q,-

Step 2: Instead of a pseudo-idempotent 2-comonad, let's take a
colax-idempotent one.

Step 3: Define an appropriate lax version of bicolimits.
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Lax versions

Quasi-colimits

Recall:

Definition

Let K be a 2-category and F : J — K a 2-functor. We say that a
cocone A : F — AC exhibits C as a bicolimit of F if the canonical
2-natural transformation (pictured below) is an equivalence for
every Ae K:

K(C,A) A » Cocone(F, A)

0 — o

Question: What if we only required that k4 has a left or right
adjoint? We get the notion of a quasi-colimit.
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Lax versions

Quasi-colimits

Quasi-colimits were defined in the 70’s in [Gray2006] but since then
they have not really been studied (as far as | know).

Note that these are in particular weak V-colimits (where V = Cat,
& = {left adjoint functors}) as studied in [SR2012].

| will focus on a certain special case of quasi-colimits.

Miloslav Stépan (MU) Quasi-limits and lax flexibility October 28, 2023 22/45



Lax versions

Rali-colimits

Definition

Let K be a 2-category and F : J — K a 2-functor. We say that a
cocone X : F — AC exhibits C as a rali-colimit of F if the canonical
2-natural transformation « is a rali (right adjoint-left inverse) for
each Ae K:

L

/_\
K(C,A) + Cocone(F, A)
T
KA
0 — oA
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Rali-colimits

This in particular means that there is a rali-colimit cocone
A : F = AC such that for every other cocone  : F = AA, there
exists a map Ly pictured below:

Fi al A

Moreover, given a 1-cell § : C — A and a modification o : u — 62,

there exists a unique 2-cell 7 : (Lu) = 6 such that:

/\

FIHCHA - Fi , C A
N\
0
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Lax versions

Examples |

In a 2-category K, lis a rali-initial object if for every A € K, the
following map has a left adjoint:

K(LA) —— &

This happens if and only if £(/, A) has an initial object for every /.

v
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Lax versions

Examples I

In the 2-category of strict monoidal categories and lax monoidal
functors, the terminal monoidal category = is rali-initial. This is
because for every strict moncat (A, ®, /) we have:

StrMonCat;(*,.4) = Mon(A).

For every monoidal category A, the category of monoids in A has
an initial object.
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Lax versions

Examples Il

In a 2-category K, given two objects A, B, their rali-coproduct is a
triple (¢1,t2, AH B) such that for every (fi, f2) there exists a map as
pictured below:

A1 EH A
/ i 2
A 3L Ay
\ ! .
C
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Lax versions

Examples IV

Moreover, given a pair of 2-cells (ay, ap):

A1 E B>

1

There exists a unique 2-cell o : L(fy, f,) = 6 satisfying (i € {1,2}):

L(f1>f2) f,
, /—W\ /Ua,\,l
A~ AyBA, ———— C - I e
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Lax versions

Rali-cocompleteness

The Big Biadjunction Theorem has a lax analogue - “The Big Lax
adjunction Theorem”.

Let Q be a colax-idempotent 2-comonad on a 2-category K that is
2-cocomplete. Then the Kleisli 2-category Kq is rali-cocomplete.

The proof is very formal and admits various duals, for instance:

Let T be a lax-idempotent 2-monad on a 2-category K that is
2-complete. Then the Kleisli 2-category Kt is rali-complete.
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Lax versions

Rali-cocompleteness examples

Example: Q = Q, on T-Alg,

Given a 2-monad T such that T-Alg, is cocomplete, the result gives
us that T-Alg, is rali-cocomplete.

For instance, the 2-category of strict monoidal categories and lax
monoidal functors has all rali-colimits.
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Lax versions

Rali-cocompleteness examples

Consider the small presheaf pseudomonad P on CAT.

A Kleisli morphism A «~ B for this pseudomonad is a functor
F : A — PB, It transposes to a small profunctor:

F: Ax B% - Set.

CATp is biequivalent to the bicategory Prof of locally small
categories and small profunctors.

From the above result Prof admits all small rali-limits.
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Flexibility

Flexibility
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Flexibility

Recall again the adjunction below and the 2-comonad Q, on T-Alg,
it generates.
-
M
T-Alg, ok T-Alg

Definition, [BKP1989]

A T-algebra (A, a) is flexible if the counit of the above adjunction
qa: A — Alis aretract-equivalence in T-Alg.

It is semiflexible if g4 is an equivalence in T-Alg,.
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Flexibility

Some properties:

* For a semiflexible (A, a), every pseudo-morphism f: A — Bis
isomorphic to a strict one,

* Flexible algebras are cofibrant objects for a certain model
structure on T-Alg,.

A T-algebra is semiflexible if and only if it has the structure of a
pseudo-Qp-coalgebra.

A T-algebra is flexible if and only if it has the structure of a normal
pseudo-Qp-coalgebra.
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Flexibility

Flexibility

Definition, [BG2013]
Call a T-algebra pie if it has the structure of a strict Q,-coalgebra.

The following are equivalent for weights W : J — Cat:
e Wis a pie algebra for the presheaf 2-monad on [ob 7, Cat],

e W determines a PIE limit (limit built out of products, inserters,

equifiers),
e the composite ob o W : J — Setis a coproduct of
representables (i.e. a free presheaf).
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Flexibility

A strict monoidal category (A, ®, /) is pie if and only if the
underlying monoid on objects (ob A, ®) is free.
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Lax flexibility

Replacing Q, by a general (colax-idempotent) 2-comonad Q, the
study of semiflexible, flexible, pie algebras becomes the study of
Q-coalgebras.

| will focus on what happens when Q = Qy, the lax morphism
classifier on T-Alg;.

Definition
A T-algebra will be called lax-pie if it has the structure of a strict
Q-coalgebra.
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Intermezzo: Cat(T)

Let (T, u,n) be a cartesian monad on &.

It gives rise to a 2-monad Cat(T) : Cat(£) — Cat(€). Let's denote it
by T again.

It sends a category A to a category T.A such that:

ob TA:=T(ob A),
mor TA := T(mor A).

If T is a free monoid monad on Set, Cat(T) is the free strict
monoidal category 2-monad on Cat.
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Flexibility

Lax flexibility

Let T be a cartesian monad on £. There is an adjunction between
T-Multicat and T-Alg,:

F

/\
T-Multicat & T-Alg,

\/

U

This adjunction generates the 2-comonad Q; on T-Alg,.
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Flexibility

Lax flexibility

The functor U : T-Multicat — T-Alg, is comonadic. I

We have the following equivalence over T-Alg,:

T-Multicat ~ Q-Coalg;.

Thus for a 2-monad T on Cat that comes from a cartesian monad T’
on Set, lax-pie T-algebras are the same thing as T'-multicategories.
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Flexibility

Examples

A monoidal category (A, ®, /) is lax-pie if and only if there is a
multicategory M such that A is a free monoidal category on M.

Example, [DPP2006]

A double category X is lax-pie if and only if there is a virtual double
category D such that X is a free double category associated to D.

v

A 2-functor W : J — Catis lax-pie if and only if there is a functor
m:&— Jsuchthatt W~ (b— (7 | b)). These include weights for
lax limits.
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Flexibility

What more is there?

e Some characterizations of semiflexible algebras
(pseudo-Qp-coalgebras) studied in [BKP1989], [BG2013]
generalize to characterizations of Q-coalgebras for a general
colax-idempotent 2-comonad,

* Q-coalgebras for for T = Cat(T’) are T'-multicategories. What
happens for more general 2-monad T?
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Thank you.
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