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Miloslav Štěpán (MU) Factorization systs. as dbl cats June 6, 2023 2 / 35



Double cats

Definition
A double category X consists of objects, horizontal morphisms,
vertical morphisms, and squares:

a b

c d

g

vu

h

α

The squares can be composed horizontally and vertically and both
compositions are associative and unital.

It can be equivalently described as a category object in Cat, i.e. a
diagram in Cat satisfying some properties:

X2 X1 X0d1 s

d0

d1

d0

d2
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Double cats

Duals

A double category X admits 8 duals: the vertical opposite X v ,
horizontal opposite X h, transpose X T . . .
For example:

a b a c

c d in X ðñ b d in X T

g

vu

h

u

g h

v

α α
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Double cats

Basic examples

Example
C a category, there is double category SqpCq such that:

‚ objects are the objects of C,
‚ vertical and horizontal morphisms are morphisms of C,
‚ squares are commutative squares in C

Example
We will encounter these two of its sub-double categories:
PbSqpCq Ě MonoPbSqpCq

Example
There is double category BOFib of (small) categories, bijections on
objects, discrete opfibrations, pullback squares.
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SFS vs DBL

Strict factorization systems ú

(certain) double categories
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SFS vs DBL

Strict factorization systems

Definition
A strict factorization system on a category C consists of two wide
subcategories E ,M Ď C with the property that:
For every morphism f P C there exist unique e P E , m P M with:

f “ m ˝ e.

Definition
Denote by SFS the category whose:

‚ objects are strict factorization systems E Ď C Ě M,
‚ a morphism pE Ď C Ě Mq Ñ pE 1 Ď C1 Ě M1q is a functor

F : C Ñ C1 satisfying F pEq Ď E 1 and F pMq Ď M1.
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SFS vs DBL

Example
Given categories A,B, consider A ˆ B and denote:

E :“ tpf ,1bq | f P mor A, b P Bu,

M :“ tp1a,gq | g P mor B, a P Au,

Every morphism pf ,gq P AˆB admits a unique pE ,Mq-factorization:

pf ,gq “ p1,gq ˝ pf ,1q.

Miloslav Štěpán (MU) Factorization systs. as dbl cats June 6, 2023 8 / 35



SFS vs DBL

Example
Given categories A,B, consider A ˆ B and denote:

E :“ tpf ,1bq | f P mor A, b P Bu,

M :“ tp1a,gq | g P mor B, a P Au,

Every morphism pf ,gq P AˆB admits a unique pE ,Mq-factorization:

pf ,gq “ p1,gq ˝ pf ,1q.
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SFS vs DBL

Codomain-discrete double categories

Definition
A double category X will be called codomain-discrete if every
top-right corner can be uniquely filled into a square:

a b

‚ c

g

uD!

Remark
This amounts to requiring that the codomain functor d0 : X1 Ñ X0
is a discrete opfibration.
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SFS vs DBL

Example
If T is a very nice 2-monad on Cat, for any T -algebra pA,aq, its
resolution:

T 2A TATiA

Ta

mA

Is a double category and its transpose is codomain-discrete.
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SFS vs DBL

C.d. double categories ù SFS’ (1/2)

Construction
Let X be codomain-discrete. By the category of corners associated
to X we mean a category CnrpX q such that:

‚ objects are the objects of X ,
‚ a morphism a Ñ b is a tuple pu,gq of a vertical and a horizontal

morphism in X (below left):

a a

a1 b a a

u

g

‚ the identity on an object a is the corner p1a,1aq (above right).
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SFS vs DBL

C.d. double categories ù SFS’ (2/2)

The composite of pu,gq : a Ñ b and pv ,hq : b Ñ c is defined using
the unique filler square, in this case it is the corner
pv 1 ˝ u,h ˝ g1q : a Ñ c:

a

a1 b

‚ b1 c

u

g

v

h

v 1

g1

D!
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SFS vs DBL

The category of corners CnrpX q has two canonical wide
subcategories consisting of “vertical” and “horizontal” corners:

EX :“ tpu,1q | u P vmor Xu MX :“ tp1,gq | g P hmor Xu.

Lemma
Let X be codomain-discrete. Then pEX ,MX q is a strict factorization
system on the category CnrpX q.

Proof
Every corner pu,gq factors uniquely as p1,gq ˝ pu,1q:

a

a1 a1

a1 a1 b

u

g
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SFS vs DBL

SFS’ ù c.d. double categories (1/2)

Construction
Let pE ,Mq be two classes of morphisms in a category C, both
closed under composition and containing all identities. Define a
double category DE,M as follows:

‚ The objects are the objects of C,
‚ vertical morphisms are those of E ,
‚ horizontal morphisms are those of M,
‚ the squares are commutative squares in C.
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Miloslav Štěpán (MU) Factorization systs. as dbl cats June 6, 2023 14 / 35



SFS vs DBL

SFS’ ù c.d. double categories (1/2)

Construction
Let pE ,Mq be two classes of morphisms in a category C, both
closed under composition and containing all identities. Define a
double category DE,M as follows:

‚ The objects are the objects of C,
‚ vertical morphisms are those of E ,
‚ horizontal morphisms are those of M,
‚ the squares are commutative squares in C.
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SFS vs DBL

SFS’ ù c.d. double categories (2/2)

Lemma
Let pE ,Mq be a strict factorization system on a category C. Then
DE,M is codomain-discrete.

Proof
The unique filler square is given by the unique pE ,Mq-factorization
of the morphism m ˝ e in C:

a b

‚ c

e

me1

m1
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SFS vs DBL

SFS’ ú cod. discr. double categories

Theorem
The assignments:

pE ,Mq ÞÑ DE,M,

X ÞÑ pEX ,MX q,

Are equivalence inverse to each other and thus induce an
equivalence between strict factorization systems and
codomain-discrete double categories.

SFS CodDiscr
D

Cnrp´q

»
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OFS vs DBL

Orthogonal factorization systems ú

(certain) double categories
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OFS vs DBL

OFS ú (certain) double categories

The goal is to prove an analogue of the above result for orthogonal
factorization systems. To do this, we need three ingredients:

1 bicartesian squares,
2 invariance,
3 the notion of a “joint monicity” of a pair of a vertical and a

horizontal morphism in a double category.
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OFS vs DBL

Orthogonal factorization systems

Definition
An orthogonal factorization system pE ,Mq on a category C consists of
two wide sub-categories E ,M Ď C satisfying:

‚ For every morphism f P C there exist e P E ,m P M such that
f “ m ˝ e, and if f “ m1e1 is a second factorization with
e1 P E ,m1 P M, there exists a unique morphism θ so that this
commutes:

a a1 b

a a2 b

e m

e1 m1

D!θ

‚ we have that E X M “ tisomorphisms in Cu.

Miloslav Štěpán (MU) Factorization systs. as dbl cats June 6, 2023 19 / 35



OFS vs DBL

Bicrossed double categories (1/2)

Definition
A square λ in a double category X will be called opcartesian if it’s an
opcartesian morphism with respect to the codomain functor
d0 : X1 Ñ X0. In elementary terms:

a b a b

c d “

e d e d

g

vu

h

θ

k

g

l v

k

D!ϵ

λ

@α
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OFS vs DBL

Bicrossed double categories (2/2)

Given a double category X , denote X ˚ :“ ppX v qhqT .

Definition - Ingredient 1
A square λ in a double category X will be called bicartesian if it is
opcartesian in both X and X ˚.

Definition
A double category X will be called bicrossed it every top-right
corner can be filled to a (not necessarily unique) bicartesian
square. Moreover, bicartesian squares are closed under horizontal
and vertical compositions and identities.
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OFS vs DBL

Bicrossed double categories - Examples

Example
C a category with pullbacks, SqpCqv , PbSqpCqv , MonoPbSqpCqv . In
each of these the filler is given by a pullback square:

a b

‚ c

u

g

{

Example
BOFibv . This is because both bijections on objects and discrete
opfibrations are stable under pullbacks.
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OFS vs DBL

The category of corners

Construction
Let X be bicrossed. Assume every square is bicartesian. By the
category of corners associated to X we mean a category CnrpX q

such that:
‚ objects are the objects of X ,
‚ a morphism a Ñ b is an equivalence class re,ms of tuples of a

vertical morphism followed by a horizontal one in X ,
‚ the identity on an object a is the equivalence class r1a,1as

(above right).
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OFS vs DBL

The category of corners

We consider two corners pe,mq, pe1,m1q with the same domain and
codomain equivalent if and only if there exists a square β like this:

a a

a1 a1 b

a2 a1 b

m

ee

θ

ψ m

e1

m1

β
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OFS vs DBL

The category of corners

The composite of ru,gs : a Ñ b and rv ,hs : b Ñ c is defined using a
choice of some bicartesian filler square, in this case it is the
equivalence class rv 1 ˝ u,h ˝ g1s : a Ñ c:

a

a1 b

‚ b1 c

u

g

v

h

v 1

g1

D
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OFS vs DBL

The category of corners - Examples

Example
Consider PbSqpCqv for C with pullbacks. CnrpPbSqpCqv q has objects
the objects of C, while a morphism is an equivalence class of
corners:

a

a1 b

u

g

In fact, CnrpPbSqpCqv q – SpanpCq.

Similarly,

CnrpMonoPbSqpCqv q – ParpCq,

CnrpBOFibv
q – Cof.
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Ingredient 2

Definition - Ingredient 2
A double category X is invariant if the following boundaries admit a
unique filler:

a b a b

d c d c

–

–

D!

D!

–– D!D!

Example
All of our previous guests: SqpCq, PbSqpCq, MonoPbSqpCq, BOFib.
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Ingredient 3

Definition - ingredient 3
A top-left corner pπ1, π2q in a double category X is said to be jointly
monic if, given squares κ1, κ2 pictured below:

a1 b a2 a1 a2 a1

a a1 a1 a1 a1

π2

π1

ψ1

θ

ψ

θ1 κ2κ1

We have the following implication:

pπ1θ “ π1θ
1 ^ π2ψ “ π2ψ

1q ñ pθ “ θ1, ψ “ ψ1q.
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Ingredient 3 - Example

Example
In SqpCq a pair pπ1, π2q of pullback projections is jointly monic, as
this condition reduces to:

pπ1θ “ π1θ
1 ^ π2θ “ π2θ

1q ñ pθ “ θ1q.

Example
In MonoPbSqpCq any pair pπ1, π2q is jointly monic because π1 is a
monomorphism.

Example
In BOFib any pair is jointly monic. It can be proven.
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Fact. double categories ù OFS’

Definition
A double category X is said to be a factorization double category if:

‚ every square is bicartesian and every top-right corner can be
filled to a square,

‚ X is invariant,
‚ every top-left corner in X v is jointly monic.

Let X be a factorization double category. Define the classes of
“vertical” and “horizontal” corners EX ,MX on the category CnrpX q

as before. We have:
Proposition
Let X be a factorization double category. Then pEX ,MX q is an
orthogonal factorization system on the category CnrpX q.
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Fact. double categories ú OFS’

Proposition
Let pE ,Mq be an orthogonal factorization system on a category C.
Then DE,M is a factorization double category.

Theorem
The assignments are again equivalence inverse to each other and
induce an equivalence:

OFS FactDbl
D

Cnrp´q

»

Miloslav Štěpán (MU) Factorization systs. as dbl cats June 6, 2023 31 / 35



OFS vs DBL

Fact. double categories ú OFS’

Proposition
Let pE ,Mq be an orthogonal factorization system on a category C.
Then DE,M is a factorization double category.

Theorem
The assignments are again equivalence inverse to each other and
induce an equivalence:

OFS FactDbl
D

Cnrp´q

»
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Examples (1/2)

Example
C a category with pullbacks, MonoPbSqpCqv is a factorization
double category. Thus CnrpMonoPbSqpCqv q “ ParpCq admits an
orthogonal factorization system given by “restricted identity maps”
and total maps:

a a

a1 a1 a b

ι

g
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Examples (2/2)

Example
BOFibv is a factorization double category and CnrpBOFibv

q “ Cof
comes equipped with an orthogonal factorization system given by
(the opposites of) bijections on objects followed by discrete
opfibrations.

Example
If P : E Ñ B is a fibration, there is a double category XP such that:

‚ objects are the objects of E ,
‚ vertical morphisms are P-vertical morphisms,
‚ horizontal morphisms are P-cartesian morphisms,
‚ squares are commutative squares.

XP is a factorization double category and CnrpXPq “ E admits an
orthogonal factorization system given by P-vertical morphisms
followed by P-cartesian morphisms.
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Miloslav Štěpán (MU) Factorization systs. as dbl cats June 6, 2023 34 / 35



Thank you.


	Introduction
	Double cats
	SFS vs DBL
	OFS vs DBL
	References

